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GAP ESTIMATES
OF THE SPECTRUM OF HILL’S EQUATION
AND ACTION VARIABLES FOR KdV

T. KAPPELER AND B. MITYAGIN

ABSTRACT. Consider the Schrodinger equation —y”’ + Vy = Ay for a potential
V of period 1 in the weighted Sobolev space (N € Zxq, w € Rxq)

HY@(S50) = {f@) = 3 flk)ere

k=—oc0

Il f llvw< oo}

where f(k) (k € Z) denote the Fourier coefficients of f when considered as a

function of period 1,
1

LN
17 v = (S WY fmE) <o,
k
and where S! is the circle of length 1. Denote by A\ = A\ (V) (k > 0) the
periodic eigenvalues of —% + V when considered on the interval [0, 2], with
multiplicities and ordered so that Rel; < Re)ji1 (j > 0). We prove the
following result.

Theorem. For any bounded set B C HN(S';C), there exist no > 1 and
M > 1 so that for k > no and V € B, the eigenvalues gk, Aox_1 are isolated
pairs, satisfying (with {Aog, Aog—_1} = {)\2', A

() Ypong (L+E)2Ne2kR|INE — AT 12 < M,

() oy (1+ k)2N+Le2oh

2
< M.

OF = A0) =2/ VRV (k)

1. INTRODUCTION AND SUMMARY OF THE RESULTS

The Korteweg-deVries equation (KdV) on the circle
(1.1) U (z,t) = —03U (z,t) + 6U (2, )0, U (x, 1)
is a completely integrable Hamiltonian system of infinite dimension. We choose
as its phase space the Sobolev space HY%(S!), where S is the circle of length
1,w € R>g and N € Z>¢. The Poisson structure is the one proposed by Gardner,

oFy d 0F,
il ,

g1 OV (z) dx OV (x)
where Fy and F; are C! functionals on HV*(S1) and % denotes the L2-gradient
of F. The Gardner bracket is degenerate. Its symplectic leaves are given by

{F\,F2}q =
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620 T. KAPPELER AND B. MITYAGIN
HN#(S1) := ¢+ H}“(S") with ¢ € R, where
HY“(SY) = {f € HV<(sY)] [5 fd =0},
Also we introduce the following weighted I2-spaces:
B o N R?) = {(2,y) = (2,95 21 ] ) Ve (2F +47) < o0},
i>1
In section 3 we prove the following result.

Theorem 1. Let N € Z>g and w € R>q. Then there exists a map

AR HYT (81 = 15,y (N R?)
with the following properties:
(1) AN s q diffeomorphism;
(2) AN and (AN<))=1 are real analytic;
(3) the variables (x3 + y7)/2 associated to AWNNVY = (2;(V),y;(V))j>1 are
action coordinates of KdV and its entire hierarchy.

We refer to (z;(V), y;(V));>1 as Birkhoff coordinates of KdV (and its hierarchy).
The map, associating to V' Birkhoff coordinates, is referred to as Birkhoff map, and
can be thought of as a nonlinear Fourier transform. Clearly, the Fourier transform
F establishes a linear isomorphism between H_ *“(S') and %o (N;R?), F(V) =

(ReV (k), ImV (k))x>1, and Theorem 1 is an instance of (probably) many properties
Fourier transform and Birkhoff map have in common. Theorem 1 has already been
established in the case w = 0 [BKMI] (cf. also [Ka], [BBGK]). In order to prove that
AW#) can be chosen as the restriction of A to Hév ¥ one has to derive asymptotic
estimates for the periodic eigenvalues of the Schrédinger operator L := —% +V
for V in H)*(S";C) considered on the interval [0,2]. The periodic spectrum of L
is discrete. Denote it by (Ax = A\x(V))k>0 (with multiplicities), where the Ay’s are
ordered in such a way that Relg < ReA; < ... and, in case Re(\;) = Re(Akt1),
ImMA, < ImAg41. For k sufficiently large, the eigenvalues come in isolated pairs
{2k, A2k—1}. The main result of this paper is the following one, proved in section
2:

Theorem 2. Let B C HY«(S%;C) be a bounded set of potentials (N € Zxo, w €
R>o). Then there exists ng > 1 such that
2

< 00,

(k)V (k)

<>>

sup  » (14 k)N 2R INE(V) = AL (V) =2
veB E>m0

where {\, Ay} = {Aak, Aak—1} (cf. Theorem 2.10 for the indexing A\, of the
numbers Aok, Aak—1).

As a consequence of Theorem 2 one obtains

Corollary 3. For a real valued potential V € L?(S') to be an element of H™+(S1)
it is necessary and sufficient that

o0

D 1+ BN R g (V) = A1 (V)? < oo
k=1
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In the case w = 0, Theorem 2 and Corollary 3 have been established by Maré&enko
[Ma] by different methods which might, however, not be adaptable to the case w > 0.

Theorem 1 can be used to prove by the ‘inverse scattering method’ that the
Korteweg-deVries equation (1.1) is well-posed on the circle. To simplify the wording
of the statement we restrict ourselves to the case where the initial data V is in
HY(S1) (cf. [BKM2] in case V has nonzero average).

Corollary 4. Let N € Z>o and w € Rxq. There exists a solution operator S :
Hy 9 (8Y) — C(R; HY“(8Y)) of (1.1) with the following properties:
(i) Given Vi,Vs in Hév’w(Sl), there exists M > 0 so that for anyt € R
1 SV)(E) = SIVR) () [l e g1y < MAF[E) | Vi = Va [l gavee sy -
(ii) For any0 <T < o0, S: Hév’w(Sl) — CO([-T, T];Hév’w(Sl)) is real analytic.

Proof. The case w = 0, N = 0 can be treated as in [BKM2] (cf. also [Bo]). The
same proof works for this more general situation. In fact, the case w =0, N > 1
or w > 0, N > 0 is somewhat easier, as the frequencies of the KdV Hamiltonian
are easily seen to be real analytic in these cases. O

Remark. Results similiar to the one presented for KdV hold for any of the equations
in the KdV hierarchy.

2. PROOF OF THEOREM 2

In this section, we prove Theorem 2, stated in the introduction. First let us
introduce some more notation.
Definition. w := (w(k))rez is said to be a weight if
(i) w(k) =1 (k € Z);
(ii) there exists My, > 1 such that w(k) < Myw(k — Hw(j) (k,j € Z).

Condition (ii) is refered to as the submultiplicative property of a weight.
Most frequently we will use the weight

21) wlk) = (1+ )Y 3,

where N € Z>¢ and w € R>¢. In that case, one can choose M, = 1 in condition (ii)
of the above definition. The reason for choosing % rather than w in (2.1) follows
from the observation that

V= V z27'rkm Z V 2l€ im(2k)x
k

for Ve HN« (S, C), with (V (k))rez denoting the Fourier coefficients of V' consid-
ered as a function of period 2 and thus

w 2 k w 2 ~
IV Bm S0(L R 28] T2 = 3 (1 + B0 1) 19y
% %
For K C Z and a weight w denote by [, (K) the complex Hilbert space [2(K) =
15(K; C),

L (&) = {(a(k))kex | |l a [lw< o0}
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where
1/2

Il o= (32 wi)la(k)?)
keK
Most frequently, we will use for K the set Z or Z(n) := Z \ {£n}. If necessary
for clarity, we will sometimes write ax for a sequence (a(k))rer € I2/(K).
For a linear operator A : 12 (K1) — 12, (K2) we denote by A(k,j) its matrix
elements

@ llw

= 3 Ak fali) (ke Ko)
JEK1
Definition. S :12(Z) — 12(Z) is defined by (Sa)(k) := a(k+1) (k € Z). S is called
the shift operator. The restriction of S to 1% (K) with values in /%, (K) is denoted
by S as well, and 8™ =S o--- 0 S denotes the nth iterate of S. Notice that

2

n 2 _ n 2 n
18 a R, )= D (8"w)(k)*|(8"a) (k)
(2.2) keK ,
keK

Definition. J : [?(Z) — [2(Z) is the involution given by
(Ja)(k) := a(=k).

To prove Theorem 2, it suffices to consider potentials V € H"“(S") (where S*
is the circle of unit length) as adding a constant ¢ to V' simply shlfts the periodic

spectrum of —% + V by c.
Express —dd—; +V — A, acting on functions periodic of period 2, in Fourier space,
as A :1%(Z) — 1*(Z), with
Ak, §) = n2k%0; + V(E—j).

Recall that V(0) = 1 [2V(z)de = 0, as V € Hy"“(S%;C), and that (V(k))kez
denote the Fourler coefﬁments of V when considered as functions of period 2.

To analyze the eigenvalues Aa,,, Ao, _1 near n?72 (n > 1), write A = n?72 + 2.
Writing 1?(Z) as a direct sum [*(Z) = C & C & Z(n), a = (a(—n), a(n), azm))
(Z(n) :==Z\ {£n}), we see that A — X is of the form

<<<A “Nk-m) o (A=Nkm) (A= NED) e )

JEL(n)
(2.3) —z V(—2n) (S"jf/)%( )
= V(27}) -z (S—"jf/)%(n) ;
(S"V)zmy (S"V)gm) Bn—z
where the superscript T denotes the transpose and where B,, : 1?(Z(n)) — 12(Z(n))
is given by
B, =A, — ﬂ'QnQIdn,

(2.4) Ay = (An(4, k) kez(n)-
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The (possibly) complex number A = n27? + z is a periodic eigenvalue for _F +V
if there exists a = (a(k))rez € 1*(Z) such that

(A= Xa=0.
With z := a(—n),y := a(n), this equation can be written as a system of three
equations:
(2.5) —zx+ V(=2n)y + (S" TV, az()) =0,
(2.6) V(2n)z — 2y + (ST TV, az() =0,
(2.7) (S"V)Z(n)x + (S‘"V)Z(n)y + (Bn — 2)agm) = 0.
Here
(2.8) (a,b) = (a,b)zmy= Y a(k)b(k)

k€EZ(n)

(no complex conjugation). To solve (2.7) for az(,) we need to analyze the operator
2 — By : 1*(Z(n)) — 1*(Z(n)).
Denote by B! the diagonal part of B,
Bl(k,j) =m*(k* —n*)0k;  (k,j € Z(n))

and define B!! := B, — BL. Notice that, with M > 10, for any n > & and |2| < M,
z — Bl is invertible. Denote by || V|| the norm of V in L?(S%), and introduce

(2.9) T, := B (2 — BI)=1 . 1%(Z(n)) — 1*(Z(n)),

M—|—1

(2.10) ng := max( AV, M >10.

Lemma 2.1. Forn > ng and |z|] < M,

Vi _1 -1 1
2.11 T, oy < < - _ B! <
(2.11) 1 Twlll 22 @) 5 5 (= ) lleqz@my)) 5
1
(2.12) z — By, is invertible and |||(z — By) ||| caz(zmny)) < i
n’

Remark. The conditions in Lemma 2.1 (and subsequent lemmas) are only assumed
to insure that the quantities involved are well defined.

Proof. To obtain estimates (2.11) notice that |||T%||zu2zm))) <I Tn ||rs, where
|| T ||zs denotes the Hilbert-Schmidt norm of T,:

V(k—7)> 1
T, 1%« = | V?
1Tl = 3. mge e IV IP Y e e are
(2.13) Jkenn) e

<IIVII"’Z P 0 G S

= o |k2—n2|2 300 n2 30n2
Similarly,

11z = Ba) " N Zaz ey <l (2= Bp) ™ s
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To prove (2.12), write
2—B,=2—-B - B! =(1d, - B (2 — B))™")(2 — B!) = (Id,, — T;,)(= — Bl).
Then (z — B,)™t = (2 — BL)=1(1d,, — T,,)~! and

1 1

— N <— T, ||F< =—. 0O
[[(z = Bn)~ |||£l2 (Z(n)) ];OH "< 75 1_ in

In view of Lemma 2.1, (2.7) can be solved for az,), if n > ng and [z| < M:

aziny = (2 = Bn) THS"V)gny o+ (2 = Bn) THST"V)zm)y-
If this is substituted into (2.5) and (2.6), we obtain (with B_,, := B,,)
/(

e (pan e T () - (8),

where

(2.15) a(n,z) = (8_"517, (z — Bn)_l(S_”V)Z(n)>
and

(2.16) B(n,2) = (ST"IV, (2 — Bn) M S"V)z(n))-

To analyze (2.14) we begin by investigating a(n, z).
Lemma 2.2. Forn > ng and |z| < M,
a(n,z) =al-n,z) .
(iii) below, (z — Bp)~(k,j) = (z — Bn) "' (—j, —k) and thus
(2= Ba) "' (k. )V (i —n)

Proof. By Lemma 2.

aln,z) =

3
§
2

<>

—n))(z = Bu) "M (=, =k)V ((=n) — (=)
V((=n) = K)(z = Bp) (K, ') V(§' = (=n))

z(n)D

Lemma 2.3. Forn > ng and j, k € Z(n),
(i) (An = N7k, 5) = (An = N)7H=j, k),
(iii) (2= Bn)"'(k,j) = (z = Ba) "' (—=J, —F).
Proof. (i) Recall that, for k,j € Z(n), A, (k,5) = k*x26; + V(k — j). Therefore
An(k,§) = (=k)* 26y + V(=) = (=k)) = An(=j, —k).
(ii) is a stralghtforward Verlﬁcatlon and (iii) follows from (ii). O

By Lemma 2.2, the system of equations (2.14) with n > no has a nontrivial
solution (i) for some |z| < M, if there exists z € C, |z| < M, such that

(2.17) (z — a(n, z))2 — (V(—2n) + B(—n, z))(V(2n) + B(n,z)) =0.
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Equation (2.17) is solved in two steps:
(2.18) 20 = aln,z2) +¢ (Cin Dy =={CeC|[¢| < X4}

and, with 2((,) := 2,((s) given by (2.18),

219) ¢ = (V(=2n) + B(=n.2(6) ) (V(20) + B, 2(0)) ) = 0.

Let us first discuss equation (2.18). To solve it, we use the contractive mapping
principle. For that purpose, we need
Lemma 2.4. For |z| < M and n > ng,
() le(n, 2)l < 4 | V112
(i) [f£a(2)] < G IV ?

Proof. (i) By (2.12) of Lemma 2.1, for n > ng and |z| < M,

v

<|v BV (I<
la(n, 2)| <[ V[ |I|(= )TV IS -

(ii) Notice that

dia(m ) = (§TTV,—(z — B,)"28~"V)
z

and therefore

|V
16n2 °

d _
| 2 <[ VI = Br) HIP IV I
Introduce

(2.20) ny :=max(no, || V ||?)

Proposition 2.5. For ¢ € Dy/p and n > ny, the equation
zZn = a(n, z,) + ¢
has a unique solution z, = z,(C) in Dpr, which depends analytically on ¢ € D%.

Proof. By Lemma 2.4, since n > ny,

W
S
e~ =

Therefore, F(z) = F,
|F(2)] <[]+ |a(n, 2)| < M+ 1 <M for M >10). F is a contraction, as for any
pair 21,22 € Dy
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d
|[F'(21) — F(22)] < ( sup Id—a(n,z)l)lzl — 22|
|z|l<M G2

1 1 1
< ——(Z V- _ < .
<G VIR =zl < o

Thus, for any ¢ € D% and n > ni, F admits a unique fixed point z,, = 2,(¢), and

1
. |2’1 —Zzl S 5 |Zl —2’2|.

2, (€) depends analytically on (. O

It remains to consider (2.19), which requires an estimate of §(+n, z). First we
need some auxilary results. In (2.9) we introduced the operator

T, := Bl (2 — B)™' € £(1*(Z(n)).
This operator can also be viewed as an element in E(lznw(Z(n))), where w =
w

(w(j))jez is the weight w(j) == (1 +|4)N €21l and (S"w)(j) := w(j + n). Denote
by W, i 1%,,,(Z(n)) — 1*(Z(n)) the operator given by

(2.21) Wi (k,j) = w(k + n)d;.

Notice that W,, is an isometry. Therefore the operator norm of
(2.22) Ty == W, T, W, !

is given by

(2.23) |||Tn|||£(l2(Z(n))) = |||Tn|||ﬁ(l§nw(l(n)))'
Lemma 2.6. Forn >ng and |z| < M

(2.24) Tl oy < A

Proof. In view of (2.23), it suffices to estimate the Hilbert Schmidt norm of 7}, in
L(12(Z(n))). Tt follows from the submultiplicative property of the weight w (cf. the
definition at the beginning of section 2) that

(2.25) % <w(j—k).
Therefore
I ls = 3 o
< 3 leli-HPVG- P = T
<5 ) VP 3t )
1

<IV e 5050

where, for the last inequality, we argue in the same way as in the last steps of the

inequality (2.13). |
Let
M+1
(2.26) ng = max(ny, ||V [|nw) = max( AV ANV v

2
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Proposition 2.7. For n > ns,

(2.27)

1 N\aN+2 2wn + 21/2< VII2 1 EV .
> +3) e sup | B(£n, 2)| SHVilve A+ g TV livw);
n>ng [z|<M

(2.28)

1 N\aN+4 2wn i + 21/2<1 V2 1 v
S+ DM s | i) < IV R 0V )
n>ns lz|l<m G2

Proof. The estimates for 3(n,z) and B3(—n, z) are obtained in the same way. Let
us concentrate on G(n, z).

(i) Proof of (2.27): By Lemma 2.6 and (2.26), (Id, —T,) € L(%.,(Z(n))) is
invertible for n > ny. With

(Id, —Tn) ' = Id, + Tn(Id, — T,)"

and a,, = a,(z) € 12(Z(n)) defined by
(2.29) S"a, = (Id, —T,)"' S"V € 2., (Z(n))
the expression ((n, z) takes the form 3(n, z) = B1(n, z) + Ba2(n, z) with

(2.30A) Bi(n, z) = (ST"TV, (2 — BL)7ts"V),
(2.30B) Ba(n, z) = (ST"TV, (2 — BL)™ T;,8"ay,).

The two terms (31 (n, z) and B2(n, z) are estimated separately: For n > nq

- 1 X
o1 2rt Ba(n, 2)] < k;;n V(n— k)| m| V(n+k)|
1
= g by *by)(2n),
where
by (4) = Wjﬂ (j#0) and by (0):=0.

Notice that || by [[v1,2 <2V [V |[vw .
Using the fact that || a b ||< (3, |a(k)]) || b || for (a(k))kez € 1*(Z) and
(b(k))rez € 12(Z), we conclude that

n wn
YA+ )N sup [Bi(n,2)]

el 2 |2|<M
1 n| w@n
< o3 2 (g xbp)m)P(L+ )N F2eeCind
n#0
1 s
<=2 |V Ivw)' = (3 IV 13w)? -
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Direct computations furnish a slightly better estimate:

( Z (1+ 2)2N+2 ean sup |61(7”L,Z)|2)1/2

n>nsg [z|<M
eH V()] 0]
62 e ,]
J#0 J#0
1 1\1/2
<5(X ) IV IR <1V IR
J#0

Next let us estimate f2(n, z) in (2.30B):

(14 2PN |y (n, 2)]

— (14 2N+ W“|< IV, (2 = BL) W T, W8 an))|

1 [E=nln s . 1
< Z E & ln—k| _ -

1 3
<5 IV v Tl 1 WaS an || -

By Lemma 2.6 and (2.23), |||T,||| < ”V”N“’ . Further, [||(Id, — T,)7!|| < 2 for
n > ng, and therefore, by (2.29),

n n 5
I WS an 2@y = S"an iz, @wn= 7 1V Ivw -

Combining the estimates above, we obtain
LV I
sup (14 5)VF | 3y(n, 2)| < =
<M 2 8n

Therefore

n on 1/2
(30 (5PN & sup [Ba(n,2)P?)

n>ng [z|<M

VI3

N 1812 1 .
<T(Z ﬁ) SgHVHN,w'

n>ng

Combined with (2.31), (2.30A) and (2.30B), the estimate (2.27).
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(ii) Proof of (2.28): The derivative 4L 3(n, z) is given by

(2.32)
2 B(n, 2) = i(<s—nﬁ/ (2 = BY)TIS"V) +(STMIV, (2 = BY) TS an))
dZ b) dZ b) n ) n n n
= —(8§"JV,(z = BHYy728"V) = (§ "IV, (z — B))*T,,8"a,)
—(ST"IV,(z — BL)"Y(Id, — T;,)"'T(z — B})"'8"a,,)
where we used the fact that the derivative of
T,8"ay = Tp(Id, — Tp) " 'S™V = ((Id,, — Tp) ™" — Id,)S"V

is given by
d
T TnS"an = —(Idy — T,) T, (2 — B)~18"a,

The three terms on the right hand side of (2.32) are estimated separately. The first

one is estimated similarly as in (i): Using (2.31), one obtains

. . 1/2
|S|]iI]3w (1 + g)2N+4 ean|<8—njV, (Z _ B{Z)—2Snv>|2)
(2.32i) n>ng 1#1=
1

The second term on the right hand side of (2.32) is estimated similarly as in (i),
and one obtains

sup (14

R B . 1/2
sup (L4 5PN NSV, - By TS ) )

(2.32ii) nZng

1
< IV B
To estimate the last term on the right hand side of (2.32), we first notice that

(Id, —T,)" T, = W, YIdp — Tp) " T Wi

Thus, with S, := (Id,, — T},) ' Th,

(14 )2 e [(STTV, (2 = BY) ™ (Idy — T,) T (2 — BL) 718" a,)|
k— . .
Z 1+ %)N e2M=kNV (n — k)|

lk—n|>n
k#+n

X | (SuWa(1 +n)(z = BE) ™' S"an) (k)|

<

| = DO

esIn=k|V (n — &
Ly Inn_/(kl : |(SuWa(1+n)(z = BE) ™' S"an) (k)

+

|k—n|<n
k#+tn

IV Inwll SaWa (L +n)(z — BL) ™' S™a, ||

1 — n
ﬂW%MSWuHM—%WS%H

IV v NTalll 11T = T) 7| Wil +0)(z = By) ™ S™an || -

wl»—* + »MH
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By Lemma 2.6 and (2.23), |||T||| < Wi~ ang ||\(1d, - T) ||| < 3
Further, for n > ng

1+n 1
1 - BH™! < <5
N +n)(z = Bn) " llez,, @my) < |S|1£w c—m2(k—n)k+n)l ~ 4
k#+n
Thus, with (2.29),
1 5
| Wa(L+n)(z — BL) '8"an li2@m) < 11 [V iNe -

Combining these estimates leads to

(2.32iii)
( Z sup (1 + = )2N+4
o 121EM 2
. 1/2
X STV, (2 — B,{)—l(fd ~ 1) Tz = BT S an)?)
1 3 L2
<= — .
n>nso
From (2.32) and (2.32i)-(2.32iii) the estimate (2.28) follows. O
We are now ready to investigate (2.19).
Let
(2.33) T = max(|V (£2n)]) + max 18(%n, 2)|.
Notice that, by Proposition 2.7, for n > ng,
(2.34) ra IV IV K. 0+ 5 || VInw)-

Proposition 2.8. Assume that M > 10 satisﬁes
M
||V||+||V||Nw(1+ s Vinve) < o

Then, for n > ng, equation (2.19) has exactly two (counted with multiplicity) solu-
tions ¢V, ¢, in D,

Proof. The result follows from Rouché’s theorem. Clearly ¢2 = 0 has two roots in
D, . For |(| = Kry, with 1 < K <2,

sup |(V(2n) + B(n, 2))(V(=2n) + B(—n, 2))| <% < |¢?].

[z <M
As B(£n,z,(¢)) depend analytically on ¢ for |¢| < & and Kr, < 2r, < &, we
deduce from Rouché’s theorem that equation (2.19) has precisely two roots in D ..

As the two roots are independent of K and 1 < K < 2 is arbitrary close to 1, we
conclude that ¢F € D,. . O

Let 2 = 2(¢F) = ¢F + a(n, 2F), where (& are given by Proposition 2.8. Then

_ _ d _
(2.35) 2 = 2 | S IGT —Cn|+(lslup |——a(n, 2)])|z) — 2, |-
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By Lemma 2.4 (ii), (2.20) and as ny > ny,

d
2.36 sup |—a(n,z)| <
(2.36) sup |a(m2)

Together with [ — (7| < |G|+ (¢ < 27, estimate (2.35) leads to
|z — 2| < drp,.

l\DI»—t

-z, | = A =\,

In view of the definition (2.33) of r,,, Proposition 2.7 and |z,
we conclude that

1 2N 2wn AT —An 211/2
(Z:( + 2) | )
(2.37) n2ns X
S8V v + 1V 1Re T4+ 5 1V [vw) < oo

Next we want to obtain asymptotics for A;f — A;;. Rewrite (2.19) in two ways:
(2.38) (G2)? = 8(n)8(—n) —m;; =0,
with nF = n(2}), where §(n),n(z) are defined either by (alternative 1)
3(n) = 6" (n) := V(2n) + 5(n,0),
n(z) = 1'(2) = (B(=n, 2) = B(~n,0))V (2n)
+(B(n, z) = B(n,0))V (~2n)
+ B(=n, 2)B(n, z) = f(=n,0)3(n,0)
or by (alternative 2)
o(n )55”( )=V (2n),
n(z) =n'(2) =

Introduce s,, given by

su=shi= sup (|8(=n,2) = B(=n, 0)[[V(2n)| +[B(n, ) — B0, 0)[[V(~2n)|

|z|<M

B(=n,2)V (2n) + B(n, 2)V (=2n) + B(—n, 2)3(n, 2).
(alternative 1)

+18(=n, 2)||8(n, 2) + \5(—n70)\|ﬂ(n70)\>
or by (alternative 2)

s =sili= sup (18(=n, )1V (@0)] +18(n, IV (~20)]| + 5(=n, 2) 150, )] )

|z|<M
Use [8(n, 2) — B(n,0)] < M supj,j<m | &L 3(n, z)| and Proposition 2.7 to obtain
Z (1+ 2)2N+2 2wn 8717,
(2.391)  meEme ur .
<SS IV ke A+ 1TV lIve) + 201V e A+ 5 1V [ve)®

and

Z (1+ )2N+1 2wnsH
2 n
(2.39)  name

1 1
<2V R (5 IV v+ IV Iy (U 5 1V [l)?
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Proposition 2.9. Assume that M > 10 satisfies
1 M
TVI+1TV R A+ ViNve) <

Then for n > ng and §(n), s, given by either 6%(n), sk or 6'1(n),sl!, the roots
T.¢7 can be labeled in such a way that

n

(i) 16 = (B(n)s(=n)'/2)] < 5si?,
(i) |Gy + (3(m)3(—n)) /2| < 5sy/ .

Proof. We consider two different cases:

Case 1. |6(n)d(—n)| < 4s,. This is an easy case for which (i) and (ii) are proved
in the same way. Let us concentrate on (i). Then

(G = (6()3(=n))2)?| < 2/(G7)?| + 216(n)3(—n)]
< 2|0(n)d(=n) + n,; | +2/8(n)d(—n)|
< 4[6(n)s(—n)| +2In;T| < 18s, < (5s)/?)?,
where for the second inequality, we used (2.38).
Thus |G — (6(n)d(—n))/?| < 5sy/>.

Case 2. |5(n)d(—n)| > 4s,. Without any loss of generality we may assume that
$n, > 0. In particular, |§(n)d(—n)| > 0. The equation (2.38) can than be rewritten
as

2 n(z(¢n))
(2.40) (Ga)? = 8(=n)a(n) (1+ W)
where z((,,) is given by (2.18). With
¢ = <

(0(=n)d(n))*/?
formula (2.40) leads to

2 _ 1n(z(¢n))
(2.41) (€)? = (1 + m) .

As |6(n)d(—n)| > 4s,, one concludes that ‘%

1
<z

Denoting by (1+4w)'/? the branch of the square root determined by (1)/2 = +1,
we obtain the equations

1/2
(2.42%) §=+F(©=+(1+ #?E)—n)) /
with 2z = 2(¢,) = 2((6(n)d(—n))*/2 - &) . Let us first consider (2.42%): Intro-
duce Dy (1) := {§ € (C‘|§ — 1| < 1} and notice that for £ € Dy/4(1),¢ =
(V(2n)V (—2n))'/2¢ satisfies [¢,| < &L -3 < M.
As |(1 + x)!/2 — 1] < |z| for € Dy/4(0) and case 2 holds, we conclude that

F maps D, /4(1) into itself. Moreover F' is continuous and therefore, according to
Brower’s fixed point theorem, admits at least one fixed point, denoted by &7, i.e.

€ = +r(eh = +(1+ 5(:)(5(1%71))1/2
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. . 1/2
where 2! = z((V(—2n)V(2n)) ¢7). Then, as we are in case 2,

(") 1/2 (")
<12 | i) S e
1 52
2 16(n)é(—n)[/2

|
and, with ¢/ := (6(n)d(—n))"/2¢!,
(2.43) I¢F = (6(—n)d(n))/? | < % s/2.

The same arguments can be used to show that there exists a solution &1 €
Dy 4(—1) of (2.427) so that, with ¢!1:= (6(n)s(—n))1/2 ¢,

(2.44) ¢+ (6(n)d(—n))'/?| < % /%

It remains to show that {¢f, ¢!} = {¢F, ¢, }. First notice that ¢f # ¢!, Oth-
erwise, we obtain a contradiction, by combining (2.43), (2.44), s, > 0 and the
inequality case 2 as follows: Assume ¢! = ¢/! = ¢*. Then

0<2(2 5,/%) < [2(6(=n)d(n))"/?| < |(5(n)3(=n)"/* = ¢* + (5(n)d(—n)) /> + ¢*|
1 1
Lo b ap g
—_ 2 Sn + 2 Sn Sn ?
and 0 < 43,11/ 2 < s}/ 2 gives the claimed contradiction.
Further notice that ¢!, ¢!, ¢, ¢ are all solutions of (2.40). But according to

Proposition 2.8, equation (2.40) has precisely two solutions. Therefore {¢!, (!} =
{¢F, ¢, }. This proves Proposition 2.9 in case 2. O

We are now ready to prove Theorem 2. It is contained in the following

Theorem 2.10. Let S' =R/Z, N € Z>o, w € R>o and M > 10.
Then, for any V € HN(SY:C) with || V [+ |V X, A+ 5 1V Ivw) < 4

O (X @ eenog - -2 -amven ) < s
n>M?2

O = A7) = 200 (-20) + B-m0) (T 2m) + 802 [ ) < sar

where, for n > M?, /\f = n272 + 2F (and thus {\J, 0} = {Dan, Aan_1}) with
(An)n>0 denoting the periodic spectrum (ordered as explained in the introduction)
of —j—; + V considered on the interval [0,2]) and (V(k))ez are the Fourier
coefficients of V' when considered as functions with period 2.

Proof. Without any loss of generality we assume that V € Hy*“(S";C). Statements
(i) and (ii) are proved in the same way, so we concentrate on (i). Notice that
M? > ny = max(¥E [ V1V [Ivw)-
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For n > M?, A\t — \> = zF — z~. Furthermore, z© = a(n,zF) + ¢, and,
by Proposition 2.9,
(G = ¢) = 2(V(=2n)V(2n))' /2 | <105,/ .
Therefore
v = A = 2(V(=20)V(2n))"?]

<16 = G =2V -2mV e+ sup [ aln,2)) | -

(2.45) o2

n n|7

Vv 2
n

where for the last inequality, we used Lemma 2.4 (ii) and (2.26). By (2.37)

V2 1/2
2 (1 + g)2N+4 e2wn(” nz” |Z7—l_ _ Z;|)2>
(2.46) n> M2

1
<2 VIPSUV lIve + 1V R A+ 1V [vw) < 207

By (2.391),

n 1/2
(2.47) 10~( 3 (4o e%”sn) <5M .

2

n>M?2

As M > 10, 5M < M?, and therefore from (2.45), (2.46) and (2.47) we obtain
(2.48)

( Z (1+g)2N+1 o2wn

n>M?2

. . 2\1/2
PR 2(V(—2n)V(2n))1/2‘ ) <3M?. O

Remark 1. Theorem 2.10 can be improved for real valued potentials. It leads to a
result obtained by Maréenko [Ma]:

Theorem 2.10 A. Let N € Z>o and M > 10. Then, for any V. € HV*(S1;R)
with || V[ + 1V e A+ 51V lIve) < 4

n . . 2
(249) Y 1+ 5)2N+2 L (AF=AD) =2 | V(=2n)V(2n) [V?| < 3M2.
n>M?2
Remark for Theorem 2.10 A. Recall that
(2.19) () = V(2n)V(—2n) — 1, =0.

If V is real valued, then |V (2n)| = |V (—2n)| . This is a quantitative version of the

following statement:

(2.50) V(2n)-V(-2n) =0 <= V(2n) =0and V(-2n) =0 .

To improve on Theorem 2.10 as in Theorem 2.10 A, it seems that one needs to
restrict to potentials satisfying a vanishing condition which is a quantitative version
of (2.50).
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Proof of Theorem 2.10 A. Without any loss of generality, V € Hév’w(Sl;R),i.e.
V(0) = 0. If V is real valued, then V(—k) = V(k), and

(2.52) aln,z) = a(n,z) (]z| <M, n>nay).

Further, —% + V is selfadjoint, and therefore, the perodic spectrum of —% +V
is contained in R. F ollowing the proof of Theorem 2.10, we know that for n > 2M?
we have \F = n?72 4 2z and thus 2 € R. Moreover, (f = 2 — a(n,zF) € R, as
aln, zF) € R by (2.52).

Therefore, equation (2.19) can be written as

(CF)? =1V (2n) + Bn, 2(G5) P,
which leads to
G = [V 2n) + Bln, 2(G)) -
Thus
G = (EV@n)]) | <] [V(2n) + B(n, 2(¢0))| = [V(2n)] |
< |B(n, 2(G)
and, by Proposition 2.7,
( Z (1+ 2)2N+2 o2
(2.53) nzn;
1
<V Re 1+ 3 [V v <
Combining with (2.45) and (2.46), one obtains
( Z (1+ 2)2N+2 o2

n>M?2

(G =) —2vea) )

M
-

OF A7) — 2V(2n)| ‘2)1/2

M
§2M2+I <3Mm?. O

Remark 2. If V is an even, possibly complex valued potential, Theorem 2.10 can
be reformulated in a way which leads to an improvement. In the case when
V € HN#(S8%C) is even, ie. V(z) = V(—x), it is a well known fact that for
n sufficiently large, {\, A\, } = {un,vn}, where (un)n>1 denote the Dirichlet
eigenvalues and (v, )n>0 denote the Neumann eigenvalues of —% + V considered
on the unit interval. Further, the eigenfunctions of the Dirichlet eigenvalues are
odd, whereas the eigenfunctions of the Neumann eigenvalues are even.

Theorem 2.10 B. Let N € Z>o, w € R>q and M > 10.
Then, for any even potential V € HN>“’(S1 C) satisfying

M
||V||+||V|\Nw(1+ IV ive) = -

we have

. 1/2
( S+ 2)2”+2 2 | (1tn Vn)—|—2V(2n)|2) < 3M2%.
n>M?2
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Proof. In the case where V' is even one verifies that
V(2k) = V(=2k); B(~k,z) = B(k, 2) .
Therefore, equation (2.19) leads to ¢2 = (V(2n) + 8(n, 2(¢»)))? and, in turn,

(2.53%) G =% (V(2n) + B(n, 2(7)))-
Then, with ¢, = +,

pn = 021 4 a(n, 2(G)) + ea(V(20) + B(n, 2(G)))
and

=n’n® + a(n,2(¢") = ea(V(20) + B(n, 2(¢; )
To determine the sign e, recall that the elgenfunctlon ya(zx, tn) is odd. Its Fourier
coefficients (a(k;n))rez therefore satisfy a(—k;n) = —a(k;n).

Thus, in equation (2.14), x = —y. Together with
—2(¢7) +aln, 2(¢7) =T = en(V(2n) + B, 2(G3)),

equation (2.14) implies

(En(V(20) + B(n, 2(¢))) + V(2n) + B(n, 2(¢°)))z =0 .
Since, in view of (2.5)-(2.7), (z,y) # (0,0) (for n > ng) (otherwise, a(k,n) = 0 for
all k) we then conclude that &,, = —1 as claimed. As a consequence,
Hn — Vn = _2‘7(2”) - ,@(TL, Z;_) - ﬂ(na'z;) + Oé(?’L,Z;) - OZ(’II,Z:) :

As in the proof of Theorem 2.10 A, one then obtains, by Proposition 2.7, combined
with (2.45) and (2.46),

1/2
> (), vy 2V (0)) T <3MP. O
n>2M?2

As an application of Theorem 2.10 we obtain asymptotic estimates of the eigen-
values A%,
Zn
5 )
+ ((V(=2n) + B(=n,0))(V(2n) + B(n, )"/ + (311, (n),

A4
and of 7, 1= “n5=n,

+_.2 2
(2.54%) Ay =n"m° + a(n,

2r 4+ 2
I 4B ),
where, by abuse of notation, we mean by (1%, ,(n))n>1 an element in 13, ,(N).

We finish this section with a brief discussion of the linear space E,, spanned by
eigenfunctions f;F, f. corresponding to simple eigenvalues A7 # A, and of the
root space E,, corresponding to double eigenvalues A} = A .

For a function f(z) = 30, f(k) €™ in E,, the part 3, . f(k) €™ is
small when compared with f(n) e™™ + f(—n) e~ This follows from the
following result, which we will use in section 3.

In view of (2.7), we introduce a, , . € [*(Z(n)):

(2.56) Aoy = (2 = Bu) NS Vg + y(z = Ba) ST V)zm) -

(2.55) Tn = 1212 + a(n
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Proposition 2.11. Assume V € Hy*(S;C). Then for |z| < M, n > ny and

z,yeC
(W) Il (2= Ba) 8™ )zt Iz oy < 21V v
(i) I (z = Ba)"HS™"V)zm) ||l‘2577lw(Z(n)) < IV N 5
oo —n |w —_n 1/2 xT
(i) (Dm0 (U | B2 2N o)) < B v
(V) I (z = Bn)"HS"V)zm) lln@m) < %1|| Vil
(V) | (z=Bo)"HS™"V)zm) ln@my < 5 1V I
(Vi) S |y (k) < EEEL v

Remark. Notice that, with wy := S™w, ws := S~ ™w, the function

wy A we (k) := min(wi (k), wa (k))

is given by
k| — w
w1 /\’wg(k) = (1+| HTH |)N el Ikl—n |
[ wn(k) for k<O,
T wa(k) for k>0.
Furthermore,
k k
sup w(k) < (14+n)N e™ and sup wa (k) <(1+n)N e,

ko wa(k) T k. wi(k)

This implies that w; A ws is a weight with My, aw, = ((1 +n)Y €)2. Thus
My Awsy 1 increasing in n.

Proof. (i) By Lemma 2.6,

IV e
NTalllc@z,, @my)) < e

and thus, for |z| < M and n > no,
Nz = Ba) "Ml zaz,, @y = 1z = BR) ™" - (Idn = To) "Il 22,0, @y

_ 1
<2/|(z— B}) @z, @my < 2'%7

where for the last inequality we used Lemma 2.1. This implies that
I == B SV Yany gy < = 18"V s < — 1V Il

(i) Using the same arguments as in the proof of Lemma 2.6, one shows that

|V llnw
WTallleqz_, @my < “on

One then argues as in the proof of (i) to conclude (ii).
(iii) Notice that for k € Z, n > 1

[ k] —n | = min(lk —n|, |k+n]) .
Thus
(] B0 N st | < min((57)8), (S ) ()

and (iii) follows from (i), (ii) and (2.56).
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(iv) We have
I (z = Ba) " S"V)awm) ln@my = Il (2= Bp) " (Idy — T)"H(S™"V)zm) llin@my)

- Z |z—772(]1€2 —n2)| |(Idn _Tn)_l(snv)(k)|

k#+n
1 1/2
<( > | (Idw — T0) "1 (S™V)zm |
2 2 _ n2)]|2

(Ic;éin |z — m2(k? — n?)| )

1
< — 2. ||V
<o 2V,

where for the last inequality we used Lemma 2.1 (and its proof).
(v) is proved in the same way as (iv).
(vi) follows from (iv) and (v). |

3. PROOF OF THEOREM 1

To prove Theorem 1, we follow the same scheme used in [BKMI, section 2].
Recall that the map A (cf. [BBGK]) is constructed in two steps. First let us
consider the map ® : L3(S') — I%(R?), introduced and analyzed in [Ka]. For
V € L3(S'), denote by E,, the image of the Riesz projector (n > 1)

1 d?

1 P, = — 4 -1
(3.1) 3t GGtV s

where T',, is a counterclockwise oriented circle with center 7,,(V) := (Af + A)/2

PR
of radius bigger than &+ = %, but sufficiently small so that all eigenvalues

different from A}, A\ are outside of I';,. Here, for convenience, we set A\ = Ag,
and /\; = )\Qn_l.
We choose in F,, a basis

Gon-1(z) = G, (z) = Z G (k) b,

kEZ

Gon(z) = Gf(x) = Y Gl (k)™

kEZ

normalized as follows (the normalization conditions are written in such a way that
they remain unchanged if we consider small complex valued perturbations of V):

(3.2) S GER) GE(-R) = 1,

keZ

(3.3) 0 =G, 0) = > G, (k),

keZ
(34) 0= (Gi, GI) = > Gu(k) Gi(=k) .
kEZ
The signs of G;, and G} are determined in such a way that (with / = &)

(3.5) Re((G,,)'(0)) >0
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G (0)  G(0)
>0.

G1)'(0) (G;)(0)
The map ®(V) := (®,(V))n>1 is then defined by
Jor GH@) (=L, 4V — 7,)Gf (x)da

(3.6) Re(det
(

(3.7) 3, (V) =
J1 G (@) (= + V — 1,)Gf (x)da

According to [Ka] (cf. also [BBGK, section 4]), ® : L3(S') — [?(IR?) is real analy-
tic. Denote by ®V:«) the restriction V) = ®| ;. (51)- Note that Theorem 2
implies that ®N«)(Hy"(S1)) C 13 ,(R?).

Since ® : L3(S') — I2(R?) is real analytic, for any Vo € L3(S!), there exists a
neighborhood U of V; in L2(S?; C) so that ® can be extended to an analytic map,
® : U — I2(N;C?). Thus V%) extends to a map on U N HY*“(S*;C).

Proposition 3.1. Assume Vy € Hy “(SY;R) (N € Zso,w € Rxo).
(i) Then there exist a neighborhood U of Vy in Hév’w(Sl; C) and 1 < C < o0 such
that ®,, is analytic on U (n > 1) and, for any V € U,

V(2n)+V(=2n)
@, (V) - V(2n)—2‘7(—2n)

21

2

Z (1+n)2N+2 ean S C .

n>1

(ii) @) . HY(ST) — 1%, (R?) is real analytic.

Proof. (ii) From (i) we conclude that ®«)(Z/) is a bounded subset of 1%, (N; C?).

Moreover, ®,, is analytic on U for any n > 1. As V € H(‘JN’“’ (S1) is arbitrary, this

implies that ®(N-«) : HN“(51) — 1% ., (R?) is real analytic (cf. [PT, Appendix A]).
(i) As ®N¢) is the restriction of ® and ® is locally bounded, it suffices to find

U,C,n3 > 1 such that for Ve U

‘ (V) — < (V(2n) + V(~2n)) /2 ) ’

< C.

n 2N 42 e2nw
(38) > (1+n) (V(2n) — V(~2n)/2i

n>ns

To prove (3.8) we consider the cases where \} = A and A\ # A, separately. The
statement follows from Lemma 3.2 and Lemma 3.3 below.

Let us first treat the case where A} = ). is a double eigenvalue of —% +V
for Ve H)"“(S*,C). Let M = {n > 2ny | A} = A}, where ny is given by (2.26).
For n € M we have z = 2, and therefore

(3.9) G = G

Together with (¢F)2 = A, where A = (V/(2n) + 8(n, zN))(V(=2n) + B(—n, z1)),
it follows that

(3.10) G =¢ =0
For n € M, G and G;, are of the form
(3.11) Gl = af e oyt T 4 Z Ayt i o+ (K) ethme,

k#+n
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- _ — _—in7mT — _inmx 1k
(3.12) Gn - xn € + yn € + Z wn "Yn 7271 e ’
k#+n

where a,+ + -+ is given by (2.56).
The normalization condition (3.3) leads to

DD (5 NSV )z (K))
k#+n
(3.13)
o (14 Y @ = BT (S V) () =0,
k#+n

which, in view of Proposition 2.11, (iv), (v), yields, as n > 2ng for n € M,

_ _ 1 1
ol < |+ 2 IV D =2y

(3.14)
< ynl @+ WY < 3jyn,

and, similary,

AllV
n

(3.15) lyn| < o | (1+ ) <3z,

Using (3.14) and (3.15), one obtains from the normalization condition (3.3) the
estimate

%lx;F < 2rpynl = 11— Z Ay 2t (k)aw;)y;7zj;(_k)|
k#+n
- . \% \%4
Tn yYn 12n 2 n n
It follows that for n > 3no,
_ 16 2 |V
3.16 < 4=z <9
(3.16) enl < (g3 <
Similarly, one can show that for n > 3no
_ 16 2 |V
3.17 < —_ = < 2.
(3.17) vl < yfqp +3 <

Therefore, (3.13) leads to, using Proposition 2.11 (vi),
_ _ 4
(315) ozl < SV,

and (3.2) implies, for n > 3ng, using Proposition 2.11 (iii),

4|V 4|V
(319) agyy -1 < (M0 < 2LV
n n

Estimates (3.18) and (3.19) imply, with (3.5), n € M, n > 3na,

00V
3.20 - —
(3.20) 7~ 5l < I

plig < 0V
viics oo
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Using (3.2) and (3.4) and the above estimates, we conclude, by similar computa-
tions, that, for n € M with n > 20no,

lzf| < 3, |z - 2 < M;
V2 n
(3.21)
200 || V||
< 3 + < =1 7
| < 3, b — \/—I < "
For n € M, n > 20ns, one obtains
d? N ,
(ars +V = 7) G = (A = 7) G+ (V(=2m) 4+ (o, ) y e

+(V(2n) + B(n, ) o} e™,
which leads to
d2
<GrJ’z_7 (_ﬁ +V - Tn)GrJ’L_>
(2n) + V(=2n)z iyt + iyt (B(n, z7) + B(—n, z)))

(V(2n) + V(=2n)) + B y10(n)

(v
1
2

and

=2,y V(=2n) +yp )t V(2n) +xpyl B(—n, 27) + yn ot B(n, 2F)

= 2 (V(-2n) ~V2n) + By ()
where, by abuse of notation, we mean by (l?v+17w(n))n21 an element in 112\,4_1)“}
uniformly bounded for V' € U, where U is a sufficiently small neighborhood of
Vo € HY“(S',R) in H}“(S';C). Using the above estimates, one obtains

Lemma 3.2. Assume that Vy € H(‘JN’“’(S’l,R). Then there exist a neighborhood U
of Vo in HN%(S1:C),n3 > ng and 1 < C < co so that for V € U,

(V(2n) + V(~2n))/2

(7 2n) — V(—2my2i | =€

S 4 || @,(v) -
n>ns
A=

Let us now consider those n > ny with A\ # \~. Denote by f eigenfunctions
of A\* normalized so that
Yo Sk =

ke
Then G} and G;, are linear combinations of f;5 and f,,
Gi = agfitanfy
3.22 . ) .
( ) _ x:; e—inTr | y;i- einme Z b;il-(k) eltkma
k#+n
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with
b= ol fi(—n)(5f = Ba)TIS"V + ap fr(—n)(z; — B) ISV
+oit () (zF = Ba) T\ ST + ay fr (n) (25 — B) TSV
and
Gy = Biff+B8.f
(3.23)

= e—inmT + y einmT + Z b;(k) eikﬂ'w
kttn

with b, given by an expression similar to b} .
For Vy € L3(S1;R) there exist a neighborhood U of Vg in LE(S!; C) and n3 > no
so that for n > n3 (cf. [BBGK, Lemma 4.10], [Ka, Proposition 8])

1 1 1
3.24°F o 4 o=yt = — 4 o=
) 1 ) 1
3.247 = — 4+ 0(=),y, = ———= + 0(-),
(3:247) o= s 00y =+ 0()
—1i0, ) 10, ) 1
2 + —+ — € —inmTx € inmTx -
(3.25%) F@) = — e 4 =2 e 402,
(3 25_) f_( ) .e_zen —inmx On inTT +O(1)
. r) = 1 —1 e -
" V2 V2 n

As A # A, the normalization conditions for G- imply
(@) + () = 1, (B7)* + (B7)* =1, og B} + oz By =0,

which leads to

60 —i6 6 —1i6

en et 1 etn —eT"n 1
3.26 P T L 0(5),a = ————— + 0O~
(326) o 00, oy S+ 06),

ei0n _e—iGn 1 ei0n +e—i0n 1
3.27 - O(— , = ——— O(—).
(B21) 6 L 10, 6 S+ 0(5)

When written in Fourier space, (—% +V —7,)G;} takes the form (cf. (2.3))
= af(ef +2)/2 + ytV(-20) + (S"TV. b))
(3.28) ThV(2n) — yh(af +2,)/2 + (STTV.b)

et S+ yrST"V 4+ (B, — (zF +27)/2)bt
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The terms appearing in this expression are discussed separately. Since a(n,z) =
a(—n, z), one obtains

(S"TV,bf) = at ff(—n) a(n,z0) + ap fi (—n) a(n,z,)
+of f(n) B(=n,z5) + oy fr (0)B(—n, z,)
(3.29) _ e oD talz) L alnat) —a(nzy)
n 2 n
+ oy fr (=) (a(n, z)) — a(n, z,)

+of fir(n) B(—=n,z5) + oy fr (0)B(—n, 2;,).

a(n, z

2

Taking into account that —(F = —zF + a(n, z) and thus
oz Falnz,) Gt + G
T 7 2 IR

the first component in (3.28) can be written as

+ . . N
(3:30) —of (BET22) 4+ gV (=2m) +(S"TV.6]) = V(-2n)y! + g (-n),
where

gH(=n) = (@ +ay fr(—n))(aln, zt) — aln, z7)) — a7 St

+ ol ff ()B(—n,zf) + ag [ (n)B(—n, z;).

In view of (3.24)-(3.27), Lemma 2.4(ii), Proposition 2.7 and Theorem 2.10 we
conclude that g, (—n) = 13, ,(n), uniformly bounded for V' in a sufficiently small

neighborhood U of Vj in HY*(S*,C).
The second component in (3.28) is analyzed similarly, to yield

(3.32) 2tV (2n) =yt (5 +2,)/2 +(ST"TV,bE) =V (2n)x} + g (n),
where

_ 2 a(n, zt) —a(n, z,) Gh+¢,
g (n) = (=yF + o5t f,F(n)) 5 -y

+of fr(—n)B(n, z) + ap £ (—n)B(n, z,),

(3.33)

and we again conclude that g (—n) =13, ,(n).
Finally we analyze the third component in (3.28):
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We compute (with v, :== Af — A7)

(B~ 2200t = —(ab f(on) + o f (-n)S™V

—(af fF ) + ap fy(—n)ST"V

Thus
. N + -
(3.34) 2 S 4yt ST 4 (B — %)b:
= ot fif(—n) L(zt - B,)"'S"V
+ay fr (—n) B (2, — Ba)'S"V
+ost i (n) (2 — By) STV
+ay, fr (n) B (2 — Bp) 'SV
= 112V+1,u.) (n)
Combining (3.30)-(3.34), we obtain, for n > n3 with A\ # A,
(Gr (45 +V =m)GE) = V(=202 + VEn)@h)? + B,
(G, (—% +V-—1)G) = V(—?n)x;y;‘ + V(2n)y;xj; + l?v+1,w(")'

In view of (3.24%) one then concludes the following:

Lemma 3.3. Assume Vo € HY“(SY;R). Then there exist a neighborhood U of Vo
in HN:%(SYC), ng > ng and 1 < C < oo such that for any V € U and n > n3
V(2n)+V (=2n) 2
@, (V) - V(zn)—Q\”/(—zn) <C
2

Z (1—|—TL)2N+2 e2nw

n>ns
AL #N,

Proposition 3.4. The map ®N«) : HY*(S1) — 1%, (R?) has the following prop-
erties:
(i) N s bijective and real analytic;
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(i) (@)=L is real analytic;

Proof. As ®(Nw) = @‘HN,M(SI) and @ : L3(S1) — [?(R?) is bijective and biana-
0

lytic, we conclude that (V%) is one-to-one and, for V€ HY' (S'), dy ®N+) is also
one-to-one. From Corollary 3, stated in the introduction, and the fact that & is
onto we conclude that ®(V:%) is onto. By Proposition 3.1, ®V:%) is real analytic.
To prove statement (ii), it suffices to show that dy®¥+) is onto for an arbitrary
element V in Hév “(S1). By (i) and the Fredholm alternative it suffices to prove
that dy ®V«) = A + K, where A : Hév’w(Sl) — 1%, (R?) is a linear isomorphism
and K is a compact operator. This follows from Proposition 3.1. O

Next we consider the map A : LZ(S!) — lf/2(]R2), defined in [BBGK] by A(V) =
(A (V))n>1 with A (V) = &,(V)®,(V). Here
27,(V)
6V = )
V=00
and Z,,(V)(n > 1) denote the action variables of KdV with respect to the Gardner
bracket ([FM]; cf. [BBGK])

2 A
%W)‘%A%lﬁﬁm—wﬂw'

Define AV .= A| N . From the asymptotics, valid uniformly on sets of
Hy ¥ (s1)

potentials bounded in L3(S';C).
1 logn

(3.35) &= ——= (1+0(—))

nm
(cf. [BBGK]) we conclude that AXN<)(HY“(S1)) < 112\,4_%7“) (R?).

Proposition 3.5. The map AN - Hév’“’(Sl) — 112V+%,w(R2) has the following
properties:

(i) AN s bijective and real analytic;

(i) (ANN =1 s real analytic;

(iii) for any 0 <e < 1/2,

1 V(2n)+V(=2n) V(2n) —V(—2n)
Jn ( 2 ’ 2

uniformly on sets of potentials bounded in H(‘JN’“’(Sl;(C).

AN (V) =

n

) + Beriew(

Proof. We argue as in the proof of Proposition 3.4 to conclude from [BBGK, section

2] that AV¢) is bijective and real analytic and that dy AV is one-to-one for any

Ve Hév’w(Sl). Statement (iii) follows from (3.35) and Proposition 3.1. To prove

statement (ii) it suffices to prove that dy AV is onto for any V' in Hév’“(Sl).
Write

and introduce, for V fixed,

A= (An)zr H () = By (R?)
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with A, (W) := \/L— dy ®,, (W). By Proposition 3.4, A is a linear isomorphism.

nm

Moreover, by [BBGK, Lemma 4.18], for any 0 < e < 1/2,
1
(3.37) dy &(W) = O(—52) [IW |z .

Substituting (3.35) and (3.37) into (3.36), we conclude that, for any 0 < e < 1/2,
there exists C. > 0 such that

” (dVAn(W)_An(W))n21 ||l

Estimate (3.21) implies that dyAV*) = A 4+ K, where K is compact. By the
Fredholm alternative and the fact that dy AXN%) is one-to-one, we conclude that

< C. ||W||L2

2
N+4+1l+4es,w —

dy AV is onto. This implies statement (i). O
Proof of Theorem 1. Theorem 1 follows from Proposition 3.5. O
REFERENCES

[BBGK] D. Bittig, A. Bloch, J.-C. Guillot, T. Kappeler; On the symplectic structure of the phase
space for periodic KdV, Toda and defocusing NLS, Duke Math. J. 79 (1995), 549-604.
MR 96i:58065

[BKM1] D. Bittig, T. Kappeler, B. Mityagin, On the Korteweg-de Vries equation: convergent
Birkhoff normal form, J. Funct. Anal. 140 (1996), 335-358. MR 97g:58073

[BKM2] D. Battig, T. Kappeler, B. Mityagin, On the Korteweg-de Vries equation: frequencies
and initial value problem, Pacific J. Math. 181 (1997), 1-55. CMP 98:06

[Bo] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and ap-
plications to nonlinear evolution equations, part II: KdV-equation, Geom. Funct. Anal.
3 (1993), 209-262. MR 95b:35160b

[DKN] B.A. Dubrovin, .M. Krichever, S.P. Novikov, Integrable systems I, in Dynamical Systems
IV, ed. V.I. Arnold, S.P. Novikov, Encycl. of Math. Sci., Springer Verlag, 1990. MR
87k:58112

[FM] H. Flaschka, D. McLaughlin, Canonically conjugate variables for the Korteweg-de Vries
equation and the Toda lattice with periodic boundary conditions, Progress of Theor.
Phys. 55 (1976), 438-456. MR 53:7179

[Ka] T. Kappeler, Fibration of the phase-space for the Korteweg-de Vries equation, Ann. Inst.
Fourier 41 (1991), 539-575. MR 92k:58212

[Ma] V.A. Marcenko, Sturm-Liouville Operators and Applications, Birkhauser, Basel, 1986.
MR 88f:34034

[MT1] H. P. McKean, E. Trubowitz, Hill’s operator and hyperelliptic function theory in the
presence of infinitely many branch points, Comm. Pure Appl. Math. 24 (1976), 143—
226. MR 55:761

[MT2] H.P. McKean, E. Trubowitz, Hill’s surfaces and their theta functions, Bull. AMS, 84
(1978), 1042-1085. MR 80b:30039

[PT] J. Poschel, E. Trubowitz, Inverse Spectral Theory, Academic Press, 1987. MR 89b:34061

INSTITUT FUR MATHEMATIK, UNIVERSITAT ZURICH, WINTERTHURERSTRASSE 190, CH-8057
ZURICH, SWITZERLAND
E-mail address: tk@math.unizh.ch

DEPARTMENT OF MATHEMATICS, OHIO STATE UNIVERSITY, COLUMBUS, OHIO 43210
E-mail address: borismit@math.ohio-state.edu



